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Abstract. The aim of the present paper is to establish a global investigation of 
conformal changes in Finsler geometry. Under this change, we obtain the relationships 
between some geometric objects associated to (M, L) and the corresponding objects 
associated to (M, L), L = e a ^ x 'L being the Finsler conformal transformation. We 
have found explicit global expressions relating the two associated Cartan connections 
V and V, the two associated Berwald connections D and D and the two associated 
Barthel connections T and T. The relationships between the corresponding curvature 
tensors have been also found. The relations thus obtained lead in turn to several 
interesting results. 

Among the results obtained, is a characterization of conformal changes, a char- 
acterization of homotheties, some conformal invariants and conformal cr-invariants. 
In addition, several useful identities have been found. 

Although our treatment is entirely global, the local expressions of the obtained 
results, when calculated, coincide with the existing classical local results. 1 
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Introduction 



Studying Finsler geometry one encounters substantial difficulties trying to seek 
analogues of classical global, or sometimes even local, results of Riemannian geometry. 
These difficulties arise mainly from the fact that in Finsler geometry all geometric 
objects depend not only on positional coordinates, as in Riemannian geometry, but 
also on directional arguments. 

In Riemannian geometry there is a canonical linear connection on the manifold 
M, whereas in Finsler geometry there is a corresponding canonical linear connection 
due to E. Cartan. However, this is not a connection on M but in TiTM), the 
tangent bundle of TM (the Klein-Grifone approach), or in 7r _1 (TM), the pullback 
of the tangent bundle TM by ir : TM — > M (the pullback approach). 

The infinitesimal transformations in Finsler geometry (such as conformal [8], pro- 
jective [4], semi-projective [25], (3— changes [20], conformal /^-changes [1], ... etc.) play 
an important role not only in differential geometry but also in application to other 
branches of science, especially in the process of geometrization of physical theories. 
Conformal changes have been initiated by M. S. Kneblman [13] and have been inves- 
tigated by many authors [8], [9], [10], [18],... etc. Almost all known result concerning 
these changes are local ones. The global results are very few in the literature. In this 
paper we present a global theory of conformal changes in Finsler geometry 

The most well-known and widely used approaches to GLOBAL Finsler geometry 
are the Klein-Grifone (KG-) approach (cf. [6], [7], [12] and [25]) and the pull-back 
(PB-) approach (cf. [2], [3], [5], [14] and [21]). The universe of the first approach is 
the vector bundle tttm '■ TTM — > TM, whereas the universe of the second is the 
vector bundle P : 7r _1 (TM) — > TM. Each of the two approaches has its own ge- 
ometry which differs significantly from the geometry of the other (in spite of the 
existence of some links between them). Each also has its advantages and disadvan- 
tages. For example, the KG-formalism is an elegant one and easily manipulated, but 
the geometric aspects of many of its objects are not clarified. On the other hand, 
the PB-formalism is similar to and guided by Riemannian geometry, but is somewhat 
difficult to manipulate. 

Most of the geometers, when treating Finsler geometry from a GLOBAL stand- 
point, follow uniquely one of the above mentioned approaches. We proceed here 
differently. We establish a global theory of conformal Finsler geometry within the 
PB-approach, making simultaneous use of the KG-approach. This has been done 
via certain links we have found between both approaches. This "double approach" 
enables us to overcome several difficulties and to continue our development. For 
instance, without the insertion of the KG-approach, we were unable to find the re- 
lation between the Cartan connection and its conformal transform, a relation which 
is fundamental for the present work. This shows that these two approaches are not 
alternatives but rather complementary. 

Let (M, L) and (M, L) be two conformal Finsler manifolds, where the conformal 
transformation is given by L — > L = e a ^L. We have found explicit global expres- 
sions relating the two associated Cartan connections V and V, the two associated 
Berwald connections D and D and the two associated Barthel connections T and V. 
The relationships between the corresponding curvature tensors have also been found. 
The relations thus obtained lead in turn to several interesting results. 
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Among the results obtained, is a characterization of conformal changes, a char- 
acterization of homotheties, some conformal invariants and conformal cr-invariants. 
In addition, several useful identities have been found. 

The last section of the paper presents an application of some of the results ob- 
tained. It deals with geodesies and Jacobi fields in the context of global Finsler 
geometry. 

It should finally be noted that, although our treatment is entirely global, the 
local expressions of the obtained results, when calculated, coincide with the classical 
local results of Hashiguchi, Matsumoto and others. For the sake of completeness an 
appendix, concerning the local expressions of the most important geometric objects 
treated, is included. 

1. Fundamentals of the pull-back formalism 

In this section we give a brief account of the basic concepts of the pullback 
formalism necessary for this work. For more details refer to [2], [3], [5], [14] and [21]. 
We make the general assumption that all geometric objects we consider are of class 
C°°. The following notation will be used throughout this paper: 
M: a real different iable manifold of finite dimension n and of class C°°, 
$(M): the M-algebra of differentiable functions on M, 
X{M): the #(M)-module of vector fields on M, 
■k m : TM — > M: the tangent bundle of M, 

ii : TM — ► M : the subbundle of nonzero vectors tangent to M, 

V(TM): the vertical subbundle of the bundle TTM, 

P : 7r~ 1 (TM) — >TM : the pullback of the tangent bundle TM by vr, 

X(tt(M)): the £(M)-module of differentiable sections of 7r -1 (TM), 

%x '■ interior product with respect to X £ X(M), 

df : the exterior derivative of /, 

d>L '■= d], ii being the interior derivative with respect to the vector form L. 

Elements of X(ir(M)) will be called ir- vector fields and will be denoted by barred 
letters X. Tensor fields on 7r _1 (TM) will be called 7r-tensor fields. The fundamental 
7r-vector field is the 7r-vector field rj defined by rj(u) = (u, u) for all u £ TM. The 
lift to ir~ l (TM) of a vector field X on M is the tt- vector field X defined by X{u) = 
(u,X(tt(u))). The lift to it~ l (TM) of a 1-form uj on M is the 7r-form u; defined by 
uj(u) = (u, lj(tt(u))). 

The tangent bundle T(TM) is related to the pullback bundle ir~ 1 (TM) by the 
short exact sequence 

— ► 7r _1 (TM) -U T(TM) 7r _1 (TM) — > 0, 

where the bundle morphisms p and 7 are defined respectively by p = (tttm, dn) and 
j(u,v) = j u (v), where j u is the natural isomorphism j u : T nM ( v )M — > T u (T nM ( v) M). 
The vector 1-form J on TM defined by J = ^op is called the natural almost tangent 
structure of TM. The vertical vector field C on TM defined by C := 70// is called the 
fundamental or the canonical (Liouville) vector field. 

Let V be a linear connection (or simply a connection) in the pullback bundle 
7r _1 (TM). We associate to V the map 

K : TTM — > tt~ 1 (TM) : X 1 — > VxV, 
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called the connection (or the deflection) map of V. A tangent vector X G T U (TM) 
is said to be horizontal if K(X) = . The vector space H U (TM) = {X G T U (TM) : 
K(X) = 0} of the horizontal vectors at u G TM is called the horizontal space to M 
at u . The connection V is said to be regular if 

T U {TM) = V U {TM) © H U {TM) \/u G TM. 

If M is endowed with a regular connection, then the vector bundle maps 

7 : ir~ 1 (TM) — ► V(TM), 
p\ H( TM) : H{TM) — > n-\TM), 
K\ V{ TM) ■ V(TM) — > tT^TM) 

are vector bundle isomorphisms. Let us denote j3 = {p\h{Tm))~ 1 , then 

= id^ (TM) , Po P =! [o ^ v(TM) (1.1) 

The classical torsion tensor T of the connection V is defined by 

T(X, Y) = VxpY - V Y pX - p[X, Y] VI, Y G £(TM) 

The horizontal and mixed torsion tensors, denoted respectively by Q and T, are 
defined by 

Q(X,Y) = T(PX0Y), T(X,Y) = T('yX,0Y) VX,F G X(tt(M)). 
The classical curvature tensor K of the connection V is defined by 

K(X, Y)pZ = -VxVypZ + VyVxpZ + V [x , Y ]pZ VX,Y,Z G X(TM). 

The horizontal, mixed and vertical curvature tensors, denoted respectively by R, P 
and S, are defined by 

R(X, Y jZ = K((3XPY)Z, P(X, Y)Z = K(0X, iY)Z, S(X, Y)Z = K(jX, jY)Z. 

Definition 1.1. A Finsler manifold of dimension n is a pair (M,L), where M is 
a differentiable manifold of dimension n and L : TM — ► R is a map [called La- 
grangian) such that: 

(a) L(X) ^ 0, for all X G TM, L(0) = 0, 

(b) L is C°° on TM , C 1 on TM, 

(c) L is homogenous of degree 1 in the directional argument y: C ■ L = L , 

(d) The TT-form g of order two with components gij := \djdil? is positive definite. 

Hence, the ir—form g defines a positive definite metric in n~ 1 (TM) 

( Here, <9j denotes partial differentiation with respect to the directional argument y l ). 

Theorem 1.2. [22] Let (M,L) be a Finsler manifold. There exists a unique regular 
connection V in 7r _1 (TM) such that 
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(a) V is metric: Vg = 0, 

(b) The horizontal torsion of V vanishes: Q = 0, 

(c) The mixed torsion T o/V satisfies g(T(X, Y), Z) = g(T(X, Z),Y). 

Such a connection is called the Cartan connection associated to the Finsler man- 
ifold (M, L). 

For the Cartan connection V, we have 

v a is f idv{TM) on V(TM) , . 

J^ 7 = <- 1(TM) , 7^=( Q on H(TM) (L2) 

Then, from (1.1) and (1.2), we get 

Pop + joK = id T (TM) (1-3) 

Hence, if we set h := Pop, v := joK, then every vector field X e X(TM) can be 
represented uniquely in the form 

X = hX + vX = ppX + ^KX (1.4) 

The maps h and v are the horizontal and vertical projectors associated to the Cartan 
connection V: h 2 = h, v 2 = v, h + v = idx(TM), voh = hov = 0. 

One can show that the torsion of the Cartan connection has the property that 
T(X,rf) = for all X e X(7r(M)), and associated to T we have the 

Definition 1.3. [22] Let V be the Cartan connection associated to (M,L). The 
torsion tensor field T of the connection V induces a n-tensor field of type (0,3), 
denoted again T, defined by: 

T(X,Y,Z) = g(T(X,Y),Z), for all X,Y,Z G X(vr(M)) 

and a n-form C defined by: 

C(X) := Trace of the map Y i — ► T(X,Y), for all X e X(tt(M)). 

Definition 1.4. [22] With respect to the Cartan connection V associated to (M,L), 
we have 

— The horizontal and vertical Ricci tensors Ric h and Ric v are defined respectively by: 

Ric h (X,Y) := Trace of the map Z i — ► R(X,Z)Y, for all X,Y E X(vr(M)), 
Ric v (X,Y) := Trace of the map Z i — ► S(X,Z)Y, for all X,Y e X(tt(M)). 

— The horizontal and vertical Ricci maps RiCq and Ric$ are defined respectively by: 

Ric h (XX) = g(Ric%(X),Y), for all X,Y e X(tt(M)), 
Ric v (X,Y) = g(Ric v (X),Y), for all I,Fg X(tt(M)). 

— The horizontal and vertical scalar curvatures Sc h , Sc" are defined respectively by: 

Sc h := Tr(Ric h ), Sc v := Tr{Ric v ), 
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where R and S are respectively the horizontal and vertical curvature tensors of V. 

Definition 1.5. [6] A spray on M is a vector field X on TM, C°° on TM, C 1 on 
TM, such that 

(a) poX = f}, 

(b) X is homogenous of degree 2 in y: [C,X] = X. 

Let E : = \L? be the energy of the Lagrangian L. One can show that 

djE(X) = g{pX,rj), for all X G £(TM), (1.5) 

and consequently, g(jj, rj) = L 2 . One can also show that the exterior 2— form Q := 
ddjE on TM is nondegenerate. The form Q is called the fundamental form [6]. 

Proposition 1.6. [12] Let (M, L) be a Finsler manifold. The vector field G e 3C(TM) 
determined by ic^ = —dE is a spray, called the canonical spray associated to the 
energy E. 

One can show, in this case, that G = florj, and G is thus horizontal with respect 
to the Cartan connection V. 

Theorem 1.7. [23] Let (M,L) be a Finsler manifold. There exists a unique regular 
connection D in ir~ 1 (TM) such that 

(a) D is torsion free, 

(b) The canonical spray G = (3orj is horizontal with respect to D, 

(c) The mixed curvature P of D satisfies: P ®rj = 0. 

Such a connection is called the Berwald connection associated to the Finsler 
manifold (M, L). 

We terminate this section by some concepts and results concerning the Klein- 
Grifone approach. For more details refer to [6], [7], [12] and [25]. 
Definition 1.8. [6] A nonlinear connection on M is a vector 1-form T on TM, C°° 
on T M, C° on TM, such that 

JY = J, TJ= -J. 

We have to note that T defines on TM an almost product structure (r 2 = /, 
where I is the identity on TM). The horizontal and vertical projectors h and v 
associated to T are defined by h := |(J + T), v := |(J — T). Thus T gives rise to 
the decomposition TTM = H{TM) ® V(TM), where HiTM) := Imh = Kerv, 
V(TM) := Imv = Kerh. We have Jh = J, hJ = 0, Jv = 0, vJ = J. The torsion 
T of a nonlinear connection T is the vector 2-form on TM defined by T := |[J, T]. 
The curvature of a nonlinear connection T is the vector 2-form 3? on TM defined by 
M := h}. 

Theorem 1.9. [6] On a Finsler manifold (M, L), there exists a unique conservative 
nonlinear connection (dhE = 0) with zero torsion. It is given by: 

r = [j,G], 

where G is the canonical spray. Such a connection is called the canonical connection 
or the Barthel connection associated to (M, L) . 
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In conclusion, on a Finsler manifold (M, L) , there are canonically associated 
three connections; two of which are linear (the Cartan connection V (Thm. 1.2) 
and the Berwald connection D (Thm. 1.7)) and the third is nonlinear ( the Barthel 
connection T (Thm. 1.9)). These three connections have the same horizontal and 
vertical distributions. 



2. Nonlinear connections associated to a regular 
linear connection 

In this section we introduce two nonlinear connections associated to a given 
regular connection in 7r _1 (TM). We also introduce a nonlinear connection naturally 
associated to the Cartan connection . The relation between these three nonlinear 
connections and the Barthel connection is obtained. 

Proposition 2.1. To each regular linear connection D in n~ l (TM), there are asso- 
ciated two nonlinear connections 

ri := I - 2tp- 1 o<p, T 2 :=2/3op- I, 

where tp := joK, tp := <p\v(TM)- 

Moreover, the horizontal and vertical projectors associated to F\ and T 2 are given 

respectively by: ? t — i ~ -\ ~ 

r a y hi = 1 — if oip, V\ — (p o(p 

h 2 = Pop, v 2 = I - Pop 

Proof. Firstly, since p : = <p\v(TM) — V(TM) — ► V(TM) is an isomorphism on 
V(TM), <p = if on V(TM) and <p = on H(TM), it follows that 

_! _ _ f id vi TM) on V(TM) 
V 0if ~ \ on H(TM) 

Now, Ti is a vector 1-form on TM satisfying JT\ = Jo(I — 2(p~ l o(p) = J and T\J = 
(I — 2p~ l o(p)oJ = — J. Hence, Ti is a nonlinear connection on M. 

Secondly, T 2 is a vector 1-form on TM satisfying JT 2 = ( / yop)o(2Pop — I) = J 
and T 2 J = (2/5op — I)o{^op) = — J. Hence, T 2 is a nonlinear connection on M. □ 

Proposition 2.2. Let (M, L) be a Finsler manifold. To the Cartan connection V, 
there is associated a nonlinear connection 

T := Pop — '-yoK. 

Moreover, the horizontal and vertical projectors of V and V are the same. 
Proof. The proof is straightforward and we omit it. □ 

Theorem 2.3. Let (M,L) be a Finsler manifold. If V is the Cartan connection in 
i{~ x (TM), then the two nonlinear connection Y\ and Y 2 associated to V coincide and 
both equal to 

T = Pop — 'joK, 

Moreover, V coincides with the Barthel connection associated to (M,L): F = [J,G]. 



7 



Proof. Since V is the Cartan connection in 7r 1 (TM), then K — 7 1 on V(TM). 

Therefore, Tj = I-2tp- 1 otp = I-2 10 K ( = ] I -2(1 -Pop) = T 2 ( = 3) Pop-^oK = T. 
Moreover, the nonlinear connection T is conservative. In fact, dhE(X) = ihdE(X) = 
hX ■ E. But since 2E = g(rj,rj), by (1.5), and since V is metric, then ^dhE(X) = 
hX-g(%rj) = 2^(77, V hX rf) = 0. 

Finally, one can show that V is torsion-free. Hence, by Theorem 1.9, V coincides with 
the Barthel connection. □ 

The above consideration enables us to express the Barthel connection V in dif- 
ferent equivalent forms: 

r = I - 2 10 K = 2pop -1 = pop- 10 K = [J, G]. (2.1) 

Note that the first three expressions of V belong to the PB-formalism, whereas 
the last expression belongs to the KG-formalism. Relations (2.1) establishes a useful 
link between the two formalisms. 

Lemma 2.4. [24] Under an arbitrary change L — > L of Finsler structures on M , let 
the corresponding Cartan connections V and V be related by Vx^ = VjcF+u(X, Y). 
If we denote 

A(X,Y) := u(yX,T), B(X,Y) := u(0X,Y), \ (2 . 2 ) 
N(X):=B(X,rj), N :=N(rj), J 

then we have 

(a) u(X,Y) = A(KX,Y) + B{pX,Y), 

(b) A(X,7j)=0, 

(c) K = K + Nop, (3 = (3--foN. 

By using Lemma 2.4 and Theorem 2.3 , we have 

Proposition 2.5. Under a change L — > L of Finsler structures on M , the corre- 
sponding Barthel connections V and V are related by 

f = r - 2£, with L := joNop. (2.3) 

Moreover, we have h = h — L, v — v + L. 

Proposition 2.6. The following assertion are equivalent: 

(a) N = 0, (b) N Q = 0, (c) f = T. 

Proof, (a) =^ (b) is trivial. 

(b) (c): If N = 0, then, by Lemma 2.4(b), f3(rj) = pirf) - -y(N ) = p(jj). Hence, 
G = G and so T = T. 

(c) =^ (a): If T = T, then both F and T have the same horizontal distribution. This 
implies that P — p. Then, by Lemma 2.4(b), 7oiV = 0; from which N = 0. □ 

Remark 2.7. The map L is a vector 1-form on TM satisfying L(V(TM)) = 
and L(T(TM)) C V(TM). Consequently, L 2 = and L is thus an almost tangent 
structure on M. 
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3. Conformal change of Barthel connection and its 
curvature tensor 



Definition 3.1. Let (M,L) and (M,L) be two Finsler manifolds. The two associ- 
ated metrics g and g are said to be conformal if there exists a positive differentiable 
function ip(x,y) on TM such that g(X,Y) = ip(x,y)g(X,Y). Equivalently, g and g 
are conformal iff L 2 = ip(x,y)L 2 . In this case, the transformation L — > L is said to 
be a conformal transformation and the two Finsler manifold (M, L) and (M, L) are 
said to be conformal. 

Proposition 3.2. Let (M, L) and (M, L) be two Finsler manifolds. The two associated 
metrics g and g are conformal iff the factor of proportionality ip(x,y) is independent 
of the directional argument y. 

Proof. If ip(x, y) = ip(x), then g = ip(x)g is clearly a Finsler metric on M, and so g 
and g are conformal. 

Conversely, let g and g be conformal. Then there exists a positive differentiable 
function if)(x,y) such that g(X,Y) = ip(x, y)g(X, Y). Setting X — Y — rj, taking 
into account the fact that g(rj,rj) = 2E, we get E = ip(x,y)E. Then, djE(X) = 
Edji/j(x,y)(X) + i/j(x,y)djE(X) for all X G 3t(TM). But since djE(X) = g(pX,fj) 
by (1.5), then g(pX,r]) = Edjip{x,y){X) + ip(x,y)g(pX,r]). Therefore, Edjip = 0, 
from which djip = 0, and so ip(x,y) is independent of y. □ 

From now on, we write the conformal transformation in the form 
with a(x) a positive function of x alone. 

Definition 3.3. Let (M, L) and (M, L) be two conformal Finsler manifolds with g = 
e 2<T ^g. A geometric object W is said to be conformally invariant (resp. conformally 
er-invariant) if W = W (resp. W = e 2a ^ W). 

We need the following definition for subsequent use : 

Definition 3.4. The vertical gradient of a function f G $(TM), denoted grad v f , is 
the vertical vector field JX defined by 

df(Y) =g(JX, JY), for all Ye X(TM), 

where g is the metric on V(TM) defined by [6] 

g(JY, JZ) = Q(JY, Z), for all Y, Z G X(TM). 

In view of Proposition 2.5 and Proposition 2.1.5 of [17], taking the above definition 
into account, we get 

Theorem 3.5. Let (M,L) and (M,L) be conformal Finsler manifolds with g = 
e 2a ^g. The associated Barthel connections T and T are related by 

f = r - 2L, 

where L := da ® C + o-\J — djE ® grad v a — EF = ■yoNop 

(with the same notation of Proposition 2.5), o\ := dco and F := [J, grad v a}. 
Consequently, h = h — L, v = v + L or equivalently, (3 = (3 — Lo/3, K = K + KoL. 
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Proof. Since g = e 2<J ( x >g, then, using the fact that 2E = g(r],f]) and that o~(x) is 
independent of y, we get 

Q = 2e 2a[x) da A i c fl + e 2a{x) Q. 
This, together with the relation ic^l = —dE, imply that 

G = G + 2(E grad v a -a x C). (3.2) 
Consequently, since T = [J, G] , we finally get after some manipulation 

f = T - 2 {da ® C + (Ti J - djE <g> #rad„a - £F} . □ 

Note that the vector form L in (3.1) is expressed in the PB- formalism by the 
RHS and in the KG-formalism by LHS. Note also that the local expressions of (3.1) 
and (3.2) coincide with the usual local expressions found in [19], [8], ...etc. 

Corollary 3.6. In the course of the proof of Theorem 3.5, we have shown that: 

(a) E = e 2a ^E, 

(b) G = G + 2[E grad v a - a x C), 

(c) Q = e 2a ^n + 2e 2a ^da At c n. 

Consequently, if the conformal change is a homothety (er = constant), then the 
canonical spray G is conformally invariant and the fundamental form Q is conformally 
a— invariant 

Theorem 3.7. Let (M,L) and (M,L) be conformal Finsler manifolds with g = 
e 2a(x)g curva f ure tensors 9? and 3? of the associated Barthel connections T and 

T are related by 

$t(X, Y) = 3?(X, Y) - [LX, LY] - L[hX, hY] +il xx {v[hX 1 LY] + L[hX, LY}}, (3.3) 
where H x ,y6(X, Y) = Q(X, Y) - Q(Y, X). 

Proof. The proof follows from the fact that $l(X,Y) = -v[hX,hY] (cf. [25]) and 
that L[LX, LY] = 0, taking Theorem 3.5 into account. □ 

4. Conformal change of Cartan connection and its 
curvature tensors 

Lemma 4.1. Let (M, L) be a Finsler manifold. Let g be the Finsler metric associated 
with L and let V be the Cartan connection determined by the metric g. Then, the 
following relations hold 

(a) 2g(V vX pY,pZ) = vX.g(pY,pZ) + g{pY,p[Z,vX])+g(pZ,p[vX,Y}). 

(b) 2g(V hxP Y, pZ) = hX ■ g(pY, pZ) + hY ■ g(pZ, pX) - hZ ■ g(pX, pY) 

-g(pX, p[hY, hZ]) + g{ P Y, p[hZ, hX]) + g(pZ, p[hX, hY}). 
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Proof. If V is a metric connection in ir 1 {TM) with nonzero torsion T, one can 
show that V is completely determined by the relation 

2g{V x pY, pZ) =X ■ g(pY, pZ) + Y- g(pZ, pX) - Z ■ g(pX, pY) 

- g{pX, T(Y, Z)) + g(pY, T(Z, X)) + g(pZ, T(X, Y)) (4.1) 

- g(pX, p[Y, Z\) + g(pY, p[Z, X]) + g(pZ, p[X, Y]). 

Let V be the Cartan connection, then (a) follows from (4.1) by replacing X, Y, Z by 
vX, hY, hZ respectively, taking into account the third condition of Theorem 1.2. 

Similarly, (b) follows from (4.1) by replacing X, Y, Z by hX, hY, hZ respectively 
and using the second condition of Theorem 1.2. □ 

It is worthy noting that the local expressions of (a) and (b) of the above lemma 
coincide with the usual local expression found in [19], [15],... etc. 

Theorem 4.2. If (M,L) and (M,L) are conformal Finsler manifolds, then the as- 
sociated Cartan connections V and V are related by: 

V x Y = V x Y + u(X,Y), (4.2) 

where 

uj(X,Y) : = (hX ■ a(x))Y + (07 ■ a(x))pX - g(pX,Y)P 
-T(NY,pX) + T'(LX,0Y), 



(4.3) 



P being a n -vector field defined by 

g(P,pZ)=hZ.a(x) (4.4) 
and T' being a 2-form on TM , with values in it~ l {TM), defined by 

g (T'(LX,hY),pZ) = g(T(LZ,hY),pX). 

or equivalently by 

g (T'(LX,hY),pZ) = g(T(NpZ,pY),pX). (4.5) 

In particular, 

(a) V 7X F = V^Y, 

(b) V l xY=V /fX Y-U(pX,¥), 

where U((3X, Y) = -u>(J3X, Y) + V L ^Y = -B(X, Y) + V L0X Y . 

Proof. Using Lemma 4.1(a) and Theorem 3.5, taking into account the fact that 
a = o~(x) is independent of y, we get 

2g(V dX pY,pZ) = 2g(V vX pY,pZ)+g(p[LX,hY],pZ)+A 1 (X,Y,Z), (4.6) 

where A\ is the 3-form on TM defined by 

A X (X, Y, Z) := LX ■ g(pY, pZ) + g(pY, p[Z, LX}). 
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But since Vg = 0, then A X (X, Y, Z) = g(V Lx pY, pZ) + g(T(LX, hY),pZ), and so 

VvxpY = V vX pY + V LxP Y (4.7) 

Similarly, by Lemma 4.1(b) and Theorem 3.5, noting that p\LX, LY] = 0, we get 

2g(V~ hX pY, pZ) =2g(V hX pY, pZ) + 2hX ■ a(x)g(pY J pZ) + 

+ 2hY ■ a(x)g(pX, pZ) - 2hZ ■ a(x)g(pX, pY) 
- { g (p[hX,LY},pZ)+g(p[LX,hY],pZ)} 
+ A 2 {X,Y,Z), 

where A 2 is the 3-form on TM defined by 

A 2 (X, Y,Z) = — LX ■ g(pY, pZ) - LY ■ g(pZ, pX) + hZ ■ g(pX, pY) 
+ g(pX, p[hY, LZ}) - g(pY, p[hZ, LX})+ 
+ g(pX, p[LY, hZ\) - g(pY, p[LZ, hX}). 

But since Vg = 0, then 

A 2 (X, Y,Z)=- g(V LxP Y + V LyP X, pZ) - g{T{LX, hY), P Z) 
- g(T(LY, hX),pZ) + 2g(T(LZ, hY),pX). 

Thus (4.8) reduces to 

V~ hX pY =V hxP Y + (hX ■ a(x)) P Y + (hY ■ a(x))pX - g(pX, pY)P 

- T(LX, hY) - T(LY, hX) + T'(LX, hY) - p[LX, hY]. 1 ' } 

Now, by (4.7) and (4.9), we get 

V xP Y =V x pY + (hX ■ a(x))pY + (hY ■ a(x))pX - g(pX, pY)P - p[LX, hY] 
- T(NpX, pY) - T(N pY, pX) + T'(LX, hY) + V Lx pY. 

(4.10) 

Hence, the result follows from (4.10), making use of the identity T(NpX, pY) = 
T(LX, hY) = V Lx pF - p[LX, hY}. □ 

It should be noted that the local expressions of the formulae (a) and (b) of the 
above theorem coincide with the usual local formulae, expressing the conformal change 
of Cartan connection, found in [19], [8], [11]. ..etc., where the local expression of L plays 
an important role. 

Remark 4.3. For all X,Y e X(TM) andX,Ye X(tt(M)), 

— the tensor uj satisfies the identity: uj('~fX,Y) = 0. 

— the tensor T' satisfies the identity: T'(LX,hY) =T'(LY,hX). 

— The map U satisfies the identity: U(f3X,rj) = 0. 
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We have already some conformal invariants and conformal cr-invariants : 

Proposition 4.4. Let the Finsler manifolds (M, L) and (M, L) be conformal with 
g = e 2a{x) g. Then 

(a) If a it -tensor field W of type (l,p) is conformally invariant, then its trace Tr(W) 

is conformally invariant. 

(b) The map V 7 ^ : X(tt(M)) — > X(7r(M)) : Y i — ► V 7 x^ is conformally invariant. 

Consequently, if W is a conformally invariant it -tensor field, then so is V^W. 

(c) The vector n-form VX : X(tt(M)) — ► X(ir(M)) : Y i — ► V 7 yX is conformally 

invariant. 

(d) The mixed torsion T of the Cartan connection is conformally invariant. 

Consequently, V 7 xC is conformally invariant. 

(e) The n -tensor (dLorf/L is conformally invariant; or equivalently, the tensor 

djL/L is conformally invariant. 

(f) The angular metric tensor h defined by H(X, Y) = g(X, Y) — ■^g(X,rj)g(Y,fj) is 

conformally a -invariant. 

(g) The tensor field T defined by 

T(X,Y, Z, W) = (V jT T)(Y,Z,W) + &x t yz >W ^g{X,rj)T<F,Z,W). 

is conformally a-invariant. 

Proof. Part (a) follows from the fact that {E{\ is an orthonormal basis with respect 
to g iff {e~ a ^Ei} is an orthonormal basis with respect to g. Parts (b) and (c) follow 
from Theorem 4.2(a). Part (d) follows from the definition of T and the fact that 
p[~fX,j3Y} = p[yX,/3Y], Finally, parts (e), (f) and (g) are obvious. □ 

Note that the tensor T defined in (g) is the so-called T-tensor, introduced locally 
by Matsumoto and Shibata [16]. Note also that some of the above invariants globalize 
some Hashiguchi invariants [8]. 

Some of the conformal invariants listed in Proposition 4.4 can be used to charac- 
terize conformality. For example, we have 

Theorem 4.5. Two Finsler metrics g and g are conformal if, and only if, 

djL djL 

T = ~T" 

Proof. Firstly, if g and g are conformal, then = by Proposition 4.4(e). 
Conversely, if ^ = then = by Equation(1.5). Hence, 

L? 

g(pX,rj) = (j}(x,y)g(pX,fj), where (f)(x,y) = — . (4.11) 

For all Y G X(TM), we have JY ■ g(pX,rj) = JY ■ (<f)g(pX,rj)); from which, since 
Vg = Vg = 0, 

g(y JY pX,f])+g(pX,Vj Y f]) = dj<f>(Y)g(pX,rj) + <f>g{V jYpX,rj) + (f>g(pX,V JY rj). 
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Using the definition of the Cartan torsion, Proposition 2.5 and the fact that 
VjxV = pX, we get 

~g(f(pY,pX),fj)+g(p[JY,hX],rj)+g(pX,pY) = d j( f>(x,y)(Y)g(pX,rj) 
+<P(x,y)g(T(pY,pX),r]) + <p(x,y)g(p[JY,hX},f]) + ( p(x,y)g{pX,pY). 
Making use of Theorem 1.2, Equation (4.11) and the identity T(X,rf) = 0, we con- 
clude that 

g(pX, P Y) = dj<f>(x,y)(y)g(pX,rj) + <l>(x,y)g(j>X,pY). (4.12) 
Setting X = G in the above equation, we have 

g(pY,rj) = dj(j)(x,y)(Y)g(r},f}) + <j)(x,y)g(pY,rj). 
This, together with (4.11), yields dj(f> = 0. Hence, by (4.12), g = <frg, where <fi is 
a (positive) function of x only. □ 

Theorem 4.6. Let (M, L) and (M, L) be two conformal Finsler manifolds. The 
curvature tensors of the associated Cartan connections V and V are related by: 

K{X, Y)Z =K(X, Y)Z - ii x . Y {(V x B)(pY, Z) + B(pX, B(pY, Z)) 

1 - (4-13) 

+ -B(T(X,Y),Z)} VX,Y eX(TM). 

In "particular, 

(a) S(X,Y)Z = S(X,Y)Z. 

(b) P(X, Y)Z = P(X, Y)Z - V(X, Y)Z, 

where V is the vector n-form defined by 

V(X,Y)Z = S(NX,Y)Z - (V^ 7 B)(X,Z) - B{T{Y,X),Z). (4.14) 

(c) R(X, Y)Z = R(X, Y)Z + H(X, Y)Z, 

where H is the vector it -form defined by 

H(X, Y)Z =S(NX, NY)Z - % F {P(X, NY)Z + (V^B) (F, Z) 

~ ^L0x B )(y^) + B(X,B(Y,Z)) - B(T(NX,Y),Z)}. 

Proof. By Theorem 4.2, we have 

V x VyZ = V x VyZ + cu(X, V Y Z) + Vxlo^Z) +u(X,u(Y,Z)). 

with similar expression for VyV^Z. Moreover, 

V [x ,y]Z = V [xx] Z + u;([X,Y],Z). 

The above formulae together with the definition of the curvature tensor K give rise 
to (4.13). Moreover, (a) follows from (4.13) by setting X = jX, Y = jY, noting 
that L07 = 0, hoL = and that T^X ,^Y) = 0. Similarly, (b) follows from the 
same relation by setting X = (3X, Y = jY, noting that Lo/3 = Lo/3, hoL = 
and that T^X ,Lj3Y) = 0. Finally, (c) follows from the same relation by setting 
X = PX, Y = (37. □ 

It is to be noted that the local expressions of (a), (b) and (c) of the above theorem 
coincide with the corresponding local expressions found in [9], [8], [11]... etc. 



(4.15) 
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In view of the above theorem, we have 
Proposition 4.7. The following geometric objects are conformally invariant: 

(a) The vertical curvature tensor S . 

(b) The vertical Ricci tensor Rid". 

(c) The scalar function L 2 Sc v . 

(d) The vr -tensor field ¥ v : = {Ric v - #3y}. 

(e) The vertical Einstein n -tensor field E v : = {Ric v — ^-g}- 

Note that the tensor in (d) is used in the definition of the special Finsler space 
SVlike. 

Proposition 4.8. Assume that the n -tensor field H is traceless: Tr(H) = 0. Then, 
the following geometric object are conformally invariant: 

(a) The horizontal Ricci tensor Ric h . 

(b) The scalar function L 2 Sc h . 

(c) Then -tensor field ¥ h := {Ric h - J^fj}. 

(d) The horizontal Einstein n -tensor field E h := {Ric h — ^j-g}. 

Note that the tensor W h in (c) is used in the definition of the special Finsler space 
iVlike. 

Lemma 4.9. For all X, Y e X(vr(M)), we have: 

(a) [ 7 X, 7 F]= 7 (V 7X F-V 7F X) 

(b) [jX, (3Y\ = - 7 (P(F, X)r) + VffyX) + /?( V^Y - T(X, ¥)) 

(c) \pX 07) = j(R(X, Y)fj) + (3{V^Y - VpyX) 

Consequently, the horizontal distribution is completely integrable if, and only if, 
R(X,Y)r} = 0. 

_Assume that H(X,Y)f] = for all X,Y e X(tt(M)). Consequently, R(X,Y)r} = 
R(X, Y)rj, by Theorem 4.6(c). This, together with the above lemma, give rise to the 
following 

Theorem 4.10. Suppose that H(X, Y)f] = 0. The horizontal distribution with respect 
to V is completely integrable if, and only if, the horizontal distribution with respect 
to V is completely integrable. 
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We terminate this section by the following 
Theorem 4.11. Under a Finsler conformal change g 
Hons are equivalent: 

(a) The it -tensor field N vanishes identically: N = 0, 

(b) The it -vector field N Q vanishes identically: N Q = 0, 

(c) The two associated Barthel connections coincide: T = T, 

(d) The two associated Cartan connections coincide: V = V, 

(e) The conformal transformation is a homothety: a =constant. 

Proof. The equivalences (a) (6) (c) have been established in Proposition 
2.6. We shall now prove the sequence of implications (e) ==> (d) (a) =^> (e). 
(e) ==>- (d): Let a be constant. Then da = 0, dcO~ = 0, grad v a = and [J,grad v a] = 
0. This implies, by (3.1), that L = (and so N = 0). Now, putting a =constant, 
L = and ./V = in (4.3), we get uj(X, Y) — and consequently V = V. 
(d) =^ (a): If V = V, then, by (4.2) and (2.2), we have = u(0X,r}) = B{X,fj); 
from which N = 0. 

(a) (e): If N = 0, then L = by (3.1). Now, we compute g(LX,C), where g is 

the metric defined in Definition 3.4 : 

g((da®C)X,C) = L 2 da(X). 

g(a 1 JX,C)=djE(X)(G-a), 

g((djE <g) grad v a)X, C) = djE(X)(G ■ a), 

g(EF{X),C) = E{g([JX, grad v a],C) - g{J[X, grad v a], C)} = 0, 

Substituting the above expressions in g(LX,C) = 0, we get da = 0, from which a is 

constant (provided that M is connected). □ 

It should be noted that some important results of Hashiguchi [8] (obtained in 
local coordinates) are thus retrieved by some parts of the above theorem. 

5. Conformal change of Berwald connection and its 
curvature tensors 

Let (M, L) be a Finsler manifold. Let V and D be respectively the Cartan 
connection and the Berwald connection associated to (M, L). Throughout, the entities 
associated to the Berwald connection will be marked by an asterisk " * " . 

Lemma 5.1. [23] The horizontal maps (3 and (3* , associated to the Cartan connection 
V and the Berwald connection D, coincide. Similarly, the deflection maps K and K* 
coincide. 

The following result gives an explicit expression of the Berwald connection D in 
terms of the Cartan connection V. 

Lemma 5.2. [23] Let (M,L) be a Finsler manifold. The Cartan connection V and 
the Berwald connection D are related by 

D X Y = V X Y + P(pX,Y)rj -T(KX,Y) VI e X(TM), Y £ X(tt(M)). 
In particular, we have 



= e 2a ^g, the following asser- 
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(a) D^Y = V^Y-T(X,Y). 

(b) D px Y=V^Y+P(X,Y)rJ, 

In what follows we assume that (M, L) and (M, L) are conformal. By Lemma 
5.1 and Theorem 3.5, we get 

Lemma 5.3. Under a Finsler conformal change L — > L = e a ^ x 'L, we have 

h* = h* - L, v* = v* + L. 

Theorem 5.4. Under a Finsler conformal change g = e 2a ^g, we have 

D x Y = D x Y + oj*(X,Y), (5.1) 
where cu*(X,F) = K([yY, L]X) + D £x Y 
In particular, we have 

(a) D lX Y = D lT Y 

(b) D m Y = D^Y-^{(3Xj), 

where V(0X,Y) = K([L, ^Y](3X) = -B*(X,Y) + D LfjX Y. 

Proof. The formula (5.1) follows from Theorems 4.2, 4.6 and Lemmas 5.2, 5.3 : 

DxY = V X Y + P(pX, Y)rj - f(KX, Y) 

= V X Y - U(hX, Y) + V Lx Y + P(pX, Y)fj - V(pX, Y)fj 

- T(KX, Y) - T(KLX, Y) 
= D X Y - U(hX, Y) - V(pX, Y)rj - T(KLX, Y) + V Lx F 
= D X Y + V L[hXn7] fj - V [LhXrf7] r] + D Lx Y 
= D X Y + K{[ 7 Y, L]X) + D Lx Y = D X Y + u*{X, Y). 

The relations (a) and (b) follow from (5.1) by setting X = 7X and X = j3X 
respectively. □ 

We have to note that the local expressions of (a) and (b) can be found in [8], 
[9], [19] ...etc. 

In view of the above theorem, we have 
Proposition 5.5. The n -tensor field uj* has the properties: 

(a) cu*(X,pY)=u;*(Y,pX). 

(b) ^*( 7 X,F) = 0. 

(a) u*(PX,Y)=u*(PX,Y). 

Moreover, The map \& has the property: ^f(^X,rj) = 0. 
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Theorem 5.6. Under a Finsler conformal change g = e 2a ^g, we have 

K*(X, Y)Z = K*(X, Y)Z - il xx {(V x B*)(pY, Z) + B*(pX, B*(pY, Z)} (5.2) 

for all X,Y e X(TM) and Z e £(tt(M)). 
In particular, 

(a) S*(X,Y)Z = S*(X,Y)Z = 0. 

(b) P*(X,Y)Z = P*(X,Y)Z + (D jY B*)(X,Z). 

(c) R* (X, Y)Z = R* (X, Y)Z + H* (X, Y)Z, 
where H* is the vector ir-form defined by 

H*(X,Y)Z =% iF {P*(F, NX)Z - (DpxB*)(Y,Z) 

+ (D £ ^B*)(Y,Z) - B*(X,B*(Y,Z))}. 

Proof. Equation (5.2) follows from the definition of the curvature tensor K*, to- 
gether with Theorem 5.4 and Lemma 5.3. Part (a) follows by setting X = 'jX and 
Y = jY in (5.2), taking Proposition 5.5 into account. Relation (b) follows by setting 
X = j3X and Y = ^Y in (5.2), taking Lemma 5.3 and Proposition 5.5 into account. 
Relation (c) follows by setting X = j3X and Y = (3Y in the same equation. □ 

The local expressions of (b) and (c) of the above theorem are the same as those 
found in [9], [19], [8], ...etc. 

Proposition 5.7. Let the Finsler manifolds (M, L) and (M, L) be conformal. 
The following geometric objects are conformally invariant: 

(a) The map : X(vr(M)) — ► X(tt(M)) : Y i — ► D^Y. 

(b) The vector n-form DX : X(vr(M)) — ► £(tt(M)) : Y i — > D jY X. 

Given that the n-form B* is vertically parallel: D -%B* = 0, then 

(c) The mixed curvature tensor P* is conformally invariant. 

Given that the n -tensor field H* is traceless: Tr(H*) = 0, then the following 
geometric objects are conformally invariant: 

(d) The horizontal Ricci tensor Ric* h . 

(e) The scalar function L 2 Sc* h . 

(f) The horizontal Einstein it -tensor field E* h := {Ric* h — ^-g}. 



6. Application: Geodesies and Jacobi fields 

In this section we present an application of some of the obtained results. 

Let c : / — > M be a regular curve in M. The canonical lift of c is the curve c in 
TM defined by c : t i — > dc/ dt. The lift of a vector field X e X(M) along c is the tt- 
vector field along c defined by X : c(t) i — ► (c(t), X(c(t))). In particular, the velocity 



18 



vector field dc/dt along c is lifted to the 7r-vector field dc/dt := {dc/dt, dc/dt) 
along c. Clearly, p(dc/ dt) = dc/ dt = r] \c(t)- A vector field X along a regular curve c 
in M is parallel along c with respect to the connection V (or is V-parallel along c) if 
DX/ dt = V 'dc/dtX = 0, where D / 'dt is the covariant derivative operator associated 
with V, along c. A regular curve c in M is a geodesic if the n- vector field 
vanishes identically. In this case, the vector field dc/dt along c is horizontal with 
respect to V. 

In what follows we assume that (M, L) and (M, L) are conformal Finsler mani- 
folds with g = e 2a ^g . From Theorem 4.2, the associated Cartan connections V and 
V are related by 

V X Y = V x Y + uj(X,Y), (6.1) 

where uj is given by (4.3). 

Let D/dt and D/dt be the associated covariant operators (along a curve c in 
TM) with respect to the Cartan connections V and V respectively. Then for every 
7r- vector field X along c, taking (6.1) into account, we get 

DX/dt = DX/dt + u(dc/dt,X). (6.2) 

A direct consequence of (6.2) is the following 

Lemma 6.1. Let c be a regular curve in M and X a vector field along c. If X is 
V-parallel (resp. V '-parallel) along c, then a necessary and sufficient condition for X 
to be V-parallel [resp. V-parallel) along c is that u(dc/dt,X) = 0. 

Theorem 6.2. A necessary and sufficient condition for a geodesic c in (M,L) (resp. 
(M, L)) to be a geodesic in (M, L) (resp. (M, L)) is that •&) = 0, where $ := r]\c(t) 
and B is the it -tensor field defined by (2.2). 

Proof. Let c be a regular curve in M and let c be its canonical lift to TM. Then, 
using Equation (6.2) and the fact that A(X,rj) = (Lemma 2.4(a)), we obtain 

LH/dt = D&/dt + u(!3p(dc/dt)^) = D$/dt + = Dti/dt + 

The result follows from the last relation noting that c is geodesic in (M, L) (resp. 
(M, L)) iff Dl/dt = (resp. M/dt = 0). □ 

Definition 6.3. [24] A vector field £ G X(M) along a geodesic c in M is called a 
Jacobi field with respect to a regular connection V in 7r~ 1 (TM) if it satisfies the 
Jacobi differential equation 

D 2 l/dt 2 + = 0, 

where R is the h-curvature of V, £ is the lift of £ along c and ■& = rj\&. 

Theorem 6.4. Let c be a geodesic in M and & = rj\c(t)- Assume that H^, X)d = 
and that the it -tensor field i$B vanishes. A vector field £ £ X(M) along c is a Jacobi 
field with respect to V if, and only if, it is a Jacobi field with respect to V. 

Proof. It should firstly be noted that a geodesic c in (M, L) is also a geodesic in 
(M, L) since ijB = 0. By hypothesis, we have 

R(d,xy$ = R@,xy> VX£X(tt(M)). (6.3) 

Now, let £ be the lift of the vector field £ along c. Putting X = £ in (6.2) and 
noting that j3op + joK = idxrrM), we get 
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b^/dt = DC/dt + u(f3p(dc/dt)^) + u(jK(dc/dt),£) 
= Dl/dt + B($,l) + A{K{dc/dt),l). 



Moreover, since c is a geodesic and since B($, X) = 0, it follows that DC,/dt = DC,/dt. 

C ° nSeqUently ' D^/dt* = D^/dt 2 - (6-4) 

According to Definition 6.3, the result follows from (6.3) and (6.4). □ 



Concluding remarks 

• A global theory of conformal Finsler geometry is established. Some known results 
are generalized and several new results are obtained. 

• It is shown that the Pull-back formalism and the Klein-Grifone formalism are not 
alternatives but rather complementary. 

• Although our treatment is entirely global, the local expressions of the obtained 
results, when calculated, coincide with the known classical local results (See the Ap- 
pendix) . 

• The conformal change of different types of special Finsler spaces is not treated in 
the present work. It merits a separate study that we are currently in the process of 
preparing, and it will be the object of a forthcoming paper. 

• The most important and well known connections in Finsler geometry are the Cartan, 
Berwald and Barthel connections. However, there are other connections of particular 
importance, such as Hashiguchi and Chern (Rund) connections. Such connections are 
not treated here. We are currently investigating these connections (and their confor- 
mal transforms) from a global standpoint, in the hope to build, with the material we 
have, a global theory of Finsler geometry as complete as possible. 



Appendix. Local formulae 

For the sake of completeness, we present in this appendix a brief and concise 
survey of the local expressions of the most important geometric objects treated in the 
paper. 

Let (U, (x 1 )) be a system of local coordinates on M and (7r _1 ([7), (x l , y 1 )) the 
associated system of local coordinates on TM. We use the following notations : 
(<9j) := (^i): the natural basis of T X M, x G M, 
(4) : = (jL) : the natural basis of V U (TM), u 6 TM, 
(di, di): the natural basis of T U (TM), 

(di): the natural basis of the fiber over u in ix~ l {TM) (di is the lift of di at u). 

To a Finsler manifold (M, L), we associate the geometric objects: 
gij := \didjL 2 = didjE: the Finsler metric tensor, 
G h : the components of the canonical spray, 
G$:=diG h , 
G^j '.= djG[ L = djdiG^ 1 , 

(5i):= (di - G^dh): the basis of H U (TM) adapted to G\ , 

(Si, di): the basis of T U (TM) = H U (TM) © V U (TM) adapted to G\. 
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We have : 

7(9i) = di, 

p(di) = di, p(di) = 0, p(Si) = di, 
P(di) = S h 

j(di) = J{di) = o, j(Si) = 4 

h = (3op = dx l ® dj — Gj dx j ® d\, v = ^oK = dy l <S> d\ + Gj dx j <g> fy. 

We define : 
lij '■= \ 9 M (di g ej + dj gu - Of 0y )> 

c ij '■= \ 9 M 0i g^ + dj g ie - d e gij) = \ g M di g £j (cf. Lemma 4.1(a) ), 
^ij ■■= \ g U {Si g ej + Sj g it - S t g tj ) (cf. Lemma 4.1(b)). 
Then, we have : 

• The canonical spray G: G h = \ r )^jU l y^- 

• The Barthel connection Y: G h { = diG h = G% y i = y j = T h io (cf. Equation ( 2.1)). 

• The Cartan connection CT: (Gf, T^, Cg). 

• The Berwald connection BY: {G\, G\ p 0). 

We also have G\ = V§ + C^ k y k = rj + Cg ]o , where the the stroke " | " denotes 
the horizontal Cartan covariant derivative (cf. Lemma 5.2(b)). 

Under a conformal change gij — > g^ = e 2a ^gij, we have the following expres- 
sions for the relationships between various geometric objects and their conformal 
transforms : 

• Canonical spray 

Qh = Qh_ £fc 

where B h := (Eg hj — y h y^)ay, Gj := dj<j. 
(local expression of Equation ( 3.2) ). 

• Barthel connection 

where B) := djB h = Vj a h -b h j o -y h Oj-L 2 C h J , a Q := atf, a h := g hj (Tj, C) := Cfa r 
and Cf := g rk C) k . 

(local expression of Equation ( 3.1)). 

• Barthel curvature tensor 

where E% := + {B\ m - PfjB? }; P*. := C*, |o . 

(local expression of Equation (3.3) ). 

• Cartan connection 

r^h /~th 

^ij ~ ^ij- 
p/i p/i jjh 

where llf.= g--a h - <S'/a, - Sfc - C^B™ - fj;„/>7 + g hr C ljm B™. 
(local expressions of Theorem 4.2(a), (b) ). 
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• Cartan Curvature tensors 

nh _ qh 

kij kij' 
_ ph _ ph sjh 

kij kij kiji 

where V k % := 2B?S% jm + djA h ki - U? m C% + U%C} m] A% = U* + C^Bf 

ph _ ph I TTh 

^kij kij ' kiji 

where H h ktJ := 2Sl ml B?B\ - %{^., . + Bfd m A h kl + U^ m - B™P k h m }. 
(The local expressions of Theorem 4.6(a), (b), (c)). 

• Berwald connection 

/ x i*h fi*h n 

° ij ~ ° ij ~ u ' 

where Dg,dj =: C*^ d h . 
- G h . = G h - - 

where D e ~B 3 =: G% d h , ^(e^dj) =: tf* d h = djB? d h =: B% d h . 
(The local expressions of Theorem 5.4(a), (b) ). 

• Berwald Curvature tensors 

q*h q*h pi 

° kij — ° kij — u - 

p*h _ p*h T/*' 1 

kij kij kiji 

where V% := (note that P%. = dfi^). 

TD*h _l_ TJ*h 

n kij — n kij 12 kiji 

where H% := ^{{d m G h lk )Bf - B^ j} - {6 m B^ k )Bf - B\ m B^. 

The parentheses " ( ) " denote the horizontal Berwald covariant derivative. 

(The local expression of Theorem 5.6(a), (b), (c)). 
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